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ABSTRACT 

An approximate s o l u t i o n  i s  developed f o r  the de te rm ina t ion  o f  the i n t e r -  
laminar normal and shear s t resses i n  the v i c i n i t y  o f  a crack i n  a th ree  
dimensional composite c o n t a i n i n g  u n i d i r e c t i o n a l  l i n e a r l y  e l a s t i c  f i b e r s  i n  
an i n f i n i t e  l i n e a r l y  e l a s t i c  m a t r i x .  

I n  o rde r  t o  reduce the complex i ty  o f  the fo rmu la t i on ,  c e r t a i n  assump- 
t i o n s  a r e  made as t o  the p h y s i c a l l y  s i g n i f i c a n t  s t resses t o  be re ta ined .  
These s i m p l i f i c a t i o n s  reduce the p a r t i a l  d i f f e r e n t i a l  equat ions o f  e l a s t i c i t y  
t o  d i f f e r e n t i a l - d i f f e r e n c e  equat ions which a r e  t r a c t a b l e  us ing  F o u r i e r  t rans -  
form techniques. This  "mater ia l  modeling" approach i s  i n  c o n t r a s t  w i t h  so lu-  
t i o n s  developed by cons ide r ing  each lamina as a homogeneous, o r t h o t r o p i c  l a y e r  
The r e s u l t i n g  s o l u t i o n  does n o t  c o n t a i n  the c l a s s i c a l  s i n g u l a r  s t r e s s  f i e l d  
f o r  the f i b e r s  and the i n f l u e n c e  o f  broken f i b e r s  on unbroken f i b e r s  i s  f e l t  
by a change i n  s t r e s s  concen t ra t i on  fac to rs .  The m a t r i x  s t resses however, 
are unbounded as the f i b e r  spacing vanishes and an equ iva len t  f i b e r - m a t r i x  
geometry i s  proposed which g i ves  the  c o r r e c t  s i n g u l a r  behavior .  

The numerical s o l u t i o n  i s  considered i n  d e t a i l  and severa l  s p e c i f i c  ex- 
amples a r e  presented. The p o t e n t i a l  f o r  damaged or  debonded zones t o  be gen- 
e ra ted  by an embedded crack i s  discussed, and s t r e s s  concen t ra t i on  f a c t o r s  
f o r  f i b e r s  near the crack a r e  given. D e t a i l e d  comparisons a re  made between 
the present  s o l u t i o n ,  the analogous two-dimensional problem, and corresponding 
shear- lag models. 

. 
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INTRODUCTION 

I n  i n v e s t i g a t i o n s  concerning the p o t e n t i a l  use o f  composite m a t e r i a l s  

i n  advanced s t ruc tu res ,  cons iderable a t t e n t i o n  has been g iven t o  problems 

associated w i t h  damage or f l aws  i n  laminates and t o  the r e s u l t i n g  f a t i g u e  

and f r a c t u r e  c h a r a c t e r i s t i c s  o f  t he  composite. The need f o r  the c a p a b i l i t y  

t o  design damage t o l e r a n t  composite s t r u c t u r e s  w i t h  a t  l e a s t  the same de- 

c s t r u c t u r e s  i s  e s s e n t i a l  i f  gree o f  conf idence as now e x i s t s  f o r  metal1 

such m a t e r i a l s  a r e  to be used i n  p roduc t i on  

For composite laminates, t he  technique o f  h y b r i d  m a t e r i a l  b u f f e r  s t r i p s  

embedded a t  regular  i n t e r v a l s  throughout the laminate has been demonstrated, 

fo r  example see [ 11, to  have the c a p a b i l i t y  o f  a r r e s t i n g  through- the- lami-  

na te  cracks,  and i n  some cases t o  g i v e  a r e s i d u a l  s t r e n g t h  approaching the 

n e t  s e c t i o n  capac i t y  o f  t he  laminate.  

crack a r r e s t  and u l t i m a t e  f a i l u r e  o f  such laminates has n o t ,  however, been 

expla ined nor have s a t i s f a c t o r y  methods been developed t o  a l l o w  f o r  accu- 

r a t e  p r e d i c t i o n  o f  crack a r r e s t  loads o r  u l t i m a t e  f a i l u r e  i n  terms o f  the 

laminate geometry and m a t e r i a l s .  I t  does appear however, both from [ l ]  and 

the exper imental  r e s u l t s  repo r ted  i n  [ 21 t h a t ,  f o r  composite laminates con- 

t a i n i n g  embedded h y b r i d  b u f f e r  s t r i p s  o r  f o r  s i n g l e  m a t e r i a l  laminates w i t h  

weakened i n t e r f a c e  bonds, de laminat ion between laminae appears t o  be d i r e c t -  

l y  assoc iated w i t h  the laminates a b i l i t y  t o  r e s t r i c t  crack growth. 

The mechanism associated w i t h  t he  

The panel c o n t a i n i n g  embedded b u f f e r  s t r i p s  i s  cons iderably  d i f f e r e n t  

than the r e l a t e d  design where e i t h e r  bonded or r i v e t e d  s t r i n g e r s  a r e  added 

e x t e r n a l l y  w i thou t  s i g n i f i c a n t l y  i n t e r r u p t i n g  the c o n t i n u i t y  o f  the bas i c  

panel .  The panel and s t r i n g e r s  then a c t  much more independent ly d u r i n g  
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crack growth and fracture than appears to be the case in composite laminates 

with internal buffer strips. A detailed investigation of the problem of 

riveted stringers reinforcing a cracked isotropic elastic sheet is presented 

in [3]. Similar studies for adhesively bonded external stringers are re- 

ported in [4] and [SI. An analogous study concerning composite laminates 

with internal buffer strips has not, to the knowledge of the authors, been 

completed. 

Considerable analytical work has been done for both isotropic and ortho- 

tropic materials in investigating the stresses in the vicinity o f  a crack 

tip for the crack being near, at, crossing, or along a material interface. 

(See [61, 171, [81, 191, [lo], and 1 1 1 1 . )  
laminate as a thin homogeneous isotropic or orthotropic plane and investi- 

gated the resulting two-dimensional stress state. Through the thickness 

variations in material properties and stresses were not considered. It 

appears that for the embedded hybrid buffer strip the significant stresses 

are, in fact, the interlaminar stresses and the three-dimensional problem 

must be considered. It does not seem reasonable to anticipate the develop- 

ment of a general solution in the manner of the above mentioned two-dimen- 

sional studies, as the extension to a three-dimensional stress state with 

finite thickness would be exceedingly complicated. 

These studies considered the 

Some possibility of success might be had in modeling the laminate as 

in classical lamination theory, where, as discussed in i.121 and [ i 3 1 ,  the 

interlaminar stresses near a free edge of a laminate have been approximated. 

Finite element or  finite difference solutions also are a possibility; how- 

ever, without some improvements in the current three-dimensional programs 

to account for through-the-thickness variations, the computation time seems 

prohibitbe. A different approach,which appears to have more potential, is 
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t o  model the  laminate as a heterogeneous m a t e r i a l  c o n s i s t i n g  of separate 

f i b e r  and m a t r i x  phases, each w i t h  i t s  own c h a r a c t e r i s t i c  p r o p e r t i e s .  

the proper  assumptions are  made regard ing  the  dominant s t resses  c a r r i e d  

by each phase, the approp r ia te  f i e l d  equat ions can be s i m p l i f i e d  consider-  

a b l y  w h i l e  s t i l l  r e t a i n i n g  the fundamental na tu re  of the  s o l u t i o n .  

major assumption u s u a l l y  made i n  such a model i s  t o  neg lec t  the  normal 

s t r e s s  i n  the m a t r i x  p a r a l l e l  to  the f i b e r s .  The r e s u l t i n g  s o l u t i o n  then 

does n o t  con ta in  the c l a s s i c a l  s i n g u l a r  s t r e s s  f i e l d  a t  the  end o f  the  

no tch  b u t  ra ther , the  f i b e r s  f e e l  the  i n f l uence  o f  t he  s i z e  o f  the  no tch  as 

a change i n  a s t ress  concen t ra t i on  f a c t o r .  

I f  

One 

Zweben i n  [ 1 4 ]  presents  a d e t a i l e d  d iscuss ion  o f  t h i s  "mater ia l  mod- 

e l i n g "  approach and i n  [ 141 and [ 151 a two-dimensional problem f o r  a notched 

u n i d i r e c t i o n a l  laminate con ta in ing  a damaged reg ion  w i t h  and w i t h o u t  con- 

s t r a i n t  respec t i ve l y ,  i s  considered. 

An e a r l i e r  use o f  t h i s  technique was considered by Hedgepeth [ 161 and 

Hedgepeth and Van Dyke [ 171 f o r  u n i d i r e c t i o n a l  f i b e r s  i n  a two-dimensional 

and three-dimensional  a r r a y  respec t i ve l y .  In each case however, the m a t r i x  

was assumed t o  t ransmi t  o n l y  shear s t resses  and bo th  s tud ies  reduced to  

one-dimensional so lu t i ons .  Er ingen and K i m ,  [ 1 8 ]  extended the  Hedgepeth 

model t o  inc lude normal s t resses  i n  the m a t r i x  and i n v e s t i g a t e d  the  t w o -  

d imensional  problem o f  e q u a l l y  spaced p a r a l l e l  f i b e r s  i n  a s i n g l e  l a y e r .  

The present paper extends the  method [ 161 , [ 171, and [ 181 t o  the  case 

o f  an a r b i t r a r y  number o f  broken f i b e r s  i n  a three-dimensional  composite 

c o n t a i n i n g  equa l ly  spaced u n i d i r e c t i o n a l  f i b e r s .  The model developed below 

i s  b a s i c a l l y  the same as [ 181 w i t h  some d i f f e r e n c e  i n  the e q u i l i b r i u m  equa- 

t i o n  perpendicu lar  t o  the f i b e r s  and the s i g n i f i c a n t  d i f f e r e n c e  o f  the 

three-dimensional  geometry. 
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O f  Caurse, t he  s o l u t  on needed i s  f o r  a f i n i t e  th ickf iess laminate con- 

t a i n i n g  ang le -p l y  laminae each o f  p o s s i b l y  d i f f e r e n t  m a t e r i a l  p r o p e r t i e s  

than the adjacent  laminae as w e l l  as a l l o w i n g  f o r  d i f f e r e n t  m a t e r i a l s  w i t h -  

i n  a p a r t i c u l a r  lamina. I t  i s  hoped t h a t  the present  s tudy w i l l  g i v e  some 

i n s i g h t  i n t o  the behavior  o f  i n t e r l a m i n a r  s t resses near a notch and a i d  i n  

the development of more complete models. The extens ion o f  t h i s  i n v e s t i g a -  

t i o n  t o  i nc lude  angle-p ly  laminae i s  c u r r e n t l y  be ing considered by the 

w t  i t e r s .  
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FORMULATION 

Consider an i n f i n i t e  three-dimensional  m a t r i x  c o n t a i n i n g  p a r a l l e l  

r e i n f o r c i n g  f i b e r s  as i nd i ca ted  i n  F igu re  (l), where bo th  t h e  f i b e r s  and 

the  m a t r i x  a re  assumed t o  be l i n e a r l y  e l a s t i c .  The development g iven  

below w i l l  be r e s t r i c t e d  t o  i d e n t i c a l  p a r a l l e l  f i b e r s  w i t h  the  spacing 

between f i b e r s  taken as equal .  I t  i s  assumed t h a t  the  f i b e r s  c a r r y  

o n l y  normal s t resses and, i n  f a c t ,  suppor t  a l l  t h e  normal s t r e s s  i n  the  

composite i n  t h e  d i r e c t i o n  p a r a l l e l  t o  the  f i b e r s .  The m a t r i x  suppor ts  

a r  shear s t resses p a r a l l e l  t o  the  f i b e r s  and normal s t resses  perpendicu 

t o  the  f i b e r s .  

t y p i c a l  element can be i s o l a t e d  as shown i n  F igu re  ( 2 ) ,  where a p a r t  

Using the  coord ina te  system g iven i n  F igure  (l), a 

c u l a r  

f i b e r  or m a t r i x  i n t e r f a c e  i s  i d e n t i f i e d  by the  i nd i ces  m and n. Note 

t h a t  t he  composite i s  doubly p e r i o d i c  i n  the  y, z p lane; however, t h i s  

symmetry is  i n i t i a l l y  no t  requ i red  o f  t he  s o l u t i o n  and random f i b e r s  may 

be taken as broken w i t h  rhe r e s u l t i n g  s o l u t i o n  hav ing no symmetry i n  

the  y, z plane. A l l  f i b e r  breaks a re  assumed, however, t o  occur on the  

p lane x = 0 so symmetry does e x i s t  w i t h  respect  t o  t h i s  plane. The 

reduc t i on  t o  the  spec ia l  case o f  broken f i b e r s  which a re  symmetric t o  

the  y, z axes i s  covered f o l l o w i n g  the general  development and a cons iderab le  

reduc t i on  i n  computat ion t ime i s  r e a l i z e d .  

The e q u i l i b r i u m  equat ions f o r  the  element shown i n  F igures (2 )  and ( 3 )  are  
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U - u  + -  - { ( T  + T  1 = 0, and 
h d  

Y/m+l,n ylm,n dx X Y l m + l , n  xyIm,n 

1 = 0. + -- 
+ T X Z  

a - u  {T 

Im,n+l Im,n 
z z 2 d x  xz Im,n+l Im,n 

( 3 )  

The s t r e s s - s t r a i n  and s t ra in -d isp lacements  r e l a t i o n s  a re  approximated 

as f o l l o w s ,  us ing  the  geometry of Figures ( 4 )  and (5) .  

- v I ,  EM - -  U - ( v  h m+l,n m,n yIm+1 ,n 

E W  - w I ,  EM 
(J = -  

z (m,n+l h m,n+l m,n 

T 
XY 

T 
X Z  

- u 11, and 1 d  1 
= G M {-- 2 dx [ V  m+l,n + v m,n 1 + F fUm+1,n m,n m+l ,n 

- u I > .  + w  I + - [ u  1 
m,n+l m, n h m,n+l m,n 

[ w  = dx . l  d 

m, n+l 

( 5 )  

(7) 

I n  the  above equat ions u , v , and w a re  the  x ,  y ,  and z components 
m,n m,n m, n 

o f  the displacement o f  a p o i n t  on the m,n f i b e r  loca ted  a d i s tance  x f rom the  

y , z  plane. The s t r e s s  c i s  t h e  a x i a l  s t r e s s  i n  the  f i b e r  and the 
'!rn,n 

z * 'xYi,,n Xz!m,n 

EM , 

9 '  - a re  normal and shear s t resses  i n  the s t resses  CJ 9 c  

m a t r i x .  The constants EF, 

ylm,n 

and GM a r e  Youna's moduli  o f  the f i b e r  and the 
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m a t r i x  and the  shear modulus of  the m a t r i x  r e s p e c t i v z l y .  A i s  the area 

o f  the f i b e r ,  and h i s  t he  shear t r a n s f e r  l eng th .  

F 

The boundary cond i t i ons  are f o r  an i n f i n i t e  reg ion,  u n i f o r m l y  s t ressed 

a t  p o i n t s  remote t o  the mid-Dlane (y,z plane) c o n t a i n i n q  an a r b i t r a r y  number 

o f  broken f i b e r s  w i t h  the cracks always beinq a t  the mid-plane. Super- 

p o s i t i o n  may be used t o  consider  two separate problems: the f i r s t ,  an 

i n f i n i t e  reg ion c o n t a i n i n q  no broken f i b e r s  and havinq a u n i f o r m  a x i a l  s t r e s s ,  

u i n  t he  f i b e r s ,  and the  second, the i n f i n i t e  reg ion  w i t h  no s t resses a t  

i n f i n i t y  and a compression s t r e s s  o f  magnitude, u a c t i n g  on the f i b e r s  

a t  the cracks.  The second problem w i l l  be considered below as i t  i s  the 

0' 

0' 

p o r t i o n  o f  t he  complete s o l u t i o n  which i s  n o n - t r i v i a l .  

The boundary c o n d i t i o n s  are then 

U = 0 f o r  a l l  unbroken f i b e r  a t  x = 0, 
m ,  n 

7 1  = -g f o r  a l l  broken f i b e r s  a t  x = 0, 
13 'lrn,n 

= o  f o r  a l l  f i b e r s  a t  x = 0 
' xy I rn , n 

= o  f o r  a l l  f i b e r s  a t  x = 0 
Txz ! m , n 

(11) 

The i n c l u s i o n  o f  the normal s t resses i n  the m a t r i x  g ives the necessary 

freedom t o  r e q u i r e  equations ( 1 2 )  and ( 1 3 ) .  The above equat ions a r e  

no rna l i zed  by l e t t i n g  



- - 
y = AE/h2, EF = EF/GM, and E,, = E,,/G,,. 

Using equat ions (4) - (8) and equations (141, t he  e q u i l i b r i u m  equat ions,  

equat ions (l), (2) ,  and (31 ,  may be w r i t t e n  i n  terms o f  the  displacements as 

- v  - w  1 - d2 1 d  
E~~ ;i;;LIUm,n1 + T K [ v m + ~  ,n m-1 ,n + 'm,n+l m, n- 1 

+ U  - 4u = o ,  
+ 'm+l,n + "m-1,n + "m,n+l m,n-l m,n 

(15) 

- 2 w  + w  3 + 1'1 - [w  + 2w + \.I 1 d2 - 
I'm, n+ 1 m,n m,n-1 2 2 dn2 m,n+l m,n m,n-1 

- u  I >  = 0. (17) 
d 

+ 5 IUm,n+1 m,n-1 

I t  i s  now assumed t h a t  f unc t i ons  ( r l ,  0 ,  0 1 ,  (rl, 8 ,  $1, and 

W ( n ,  9, b )  e x i s t  such t h a t  the normal izeddisplacements U , V , and W 

a r e  the Four ie r  c o e f f i c i e n t s  i n  a double F o u r i e r  s e r i e s  expansion. Then, 

- 
m,n m,n m,n 



As the displacements are continuous functions of 0, the representation given 

above is necessarily valid. These equations may be inverted to yield 

-lr -n 

“TI ‘TI 

T I T I  

-lT -TI 

The equilibrium equations may then be written in terms of  the functions 
- 
U, r, and as 

- 21 = 0, (24) 



i i 

These three second o rde r  d i f f e r e n t i a l  equat ions can be w r i t t e n  as uncoupled 

s i x t h  o rde r  equat ions and i f  the boundary c o n d i t i o n  o f  van ish ing  d i sp lace -  

ments f o r  l a r g e  rl,  equat ion (91, i s  enforced, the s o l u t i o n s  then w i l l  have 

the f o l l o w i n g  form. 

where D 1 ,  02,  D3 must have p o s i t i v e  rea 

(25) and (26) the r e l a t i o n s h i p s  between 

p a r t s .  S u b s t i t u t  

Bk,  Ck,  and Ak'are 

where k = 1 ,  2, 3 .  Equation (24) then g ives a s i x t h  o r d e r  

fo r  Dk o f  the form 

ng i n t o  equat ions 

determined as 

a 1 gebra i c equa t ion 
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The c o e f f i c i e n t s  a a r e  i 

YTF 
a1 = 4 [ 1 + COS (e)][ 1 + COS ( d 1 ,  

I 
I 
I 

I 
I 

i 

I 

i 
I 
! 

I 
I 
I 
I 

1 

I 

I 

- -  
a 2 = - 2 y E F E &  1 - cos (e) cos ( # ) I ,  

( 3 3 )  

(34 )  

-- 
a3 = 2 r M  [ 1 - cos (e)](yE,E& 1 - cos (411 + [ 1 + cos (#)I ( --  

t [ 1 + cos (e)][ 1 - cos ( ( ) ] I )  , and 

X [ l  - cos (e)]> + [ 1 - COS ( $ ) I ( y E F E H  1 1  - COS (811 

(35) 

a4 = 8% [ 1 - cos (e ) ] [  1 - cos ($)I[  cos (e) + cos (0) - 21. (36 )  

I t  i s  noted t h a t  a l l  r o o t s  o f  equat ion  (32) van 

unbounded roots  e x i s t  a t  8 = (I = +IT. The f i r s t  i s  c 

f a c t  t h a t  i f  e = (I = 0 then a2 = a3 = a4 = 0. For 8 

0 and the r e s u l t i n g  equat ion g i ves  

D2 = +/- 0 = # = IT. 

t h e  s i x  r o o t s  can be ob ta ined  and, i n  o rde r  to  s a t i s f y  
‘k’ L e t t i n g  D; = 

equat ion  (9), the  th ree  r o o t s  w i t h  p o s i t i o n  r e a l  p a r t s  a r e  taken. 

sh a t  8 = (I = 0 and 

e a r l y  seen from the  

= # = +IT, = a2 = 

I t  a l s o  fo l l ows  t h a t  the  remaining r o o t s  must be unbounded and there-  

f o r e  l e t t i n g  e = $ = a - +n, then 

( 3 7 )  

This  i s  the same va lue  as the one s i n g u l a r  r o o t  found i n  the two-dimensional 

case [ l e ] .  An a d d i t i o n a l  spec ia l  case e x i s t  when e i t h e r  e o r  3 equals zero 

as a L i s  then zero and the re fo re  D2 must vanish.  The remaining two r o o t s  



where i f  8 = 8 ,  a = 4 and f o r  (p = 0 ,  a = 8. The p o s i t i v e  s i g n  i s  taken 

f o r  D l  and the  nega t i ve  sign f o r  03. 

The f u n c t i o n s  AI, A2, and A 3 ,  which depend on 8 and I$ , a r e  next  de- 

termined from the boundary condi t ions,  where equa t ion  (9) i s  s a t i s f i e d  by 

the proper  cho ice  of D1, D2, D3. Equation (10) g i ves  

im8  in4 
E A 1  + A2 + A3le e dOd(p = 0 1 - s  47l2 s 

for  a l l  unbroken f i b e r s ,  and equat ion (11) g ives 

(41) 
im8  in@ - 1 [AID1 + A2D2 + A3D3]e e ded4 = 1 

-IT -7l 
4n2 

f o r  a l  1 broken f i b e r s .  

The c o n d i t i o n s  o f  vanish ing shear s t resses on rl = 0 s p e c i f i e d  by 

equat ions (12) and (13)  r e q u i r e  the f o l l o w i n g  r e l a t i o n s  between the th ree  

f u n c t i o n s  A,, A2, A3:  

D12  - D j 2  

and 



Equations (40)  and ( 4 1 )  then reduce t o  a s e t  o f  dual i n t e g r a l  equat ions  i n  

terms o f  t he  unknown f u n c t i o n  A,(O,$).  

1181, based on the o r t h o g o n a l i t y  o f  the  F o u r i e r  se r ies ,  these dual  i n t e g r a l  

equat ions can be reduced t o  a s e t  o f  simultaneous l i n e a r  a l g e b r a i c  equat ions.  

Equat ion (40 )  i s  i d e n t i c a l l y  s a t i s f i e d  by assuminq 

Proceeding i n  t h e  same manner as 

where r and s correspond to  the  i nd i ces  o f  t he  broken f i b e r s  and the  H 

a r e  constants.  S u b s t i t u t i n g  f rom equat ions (42) and (43 )  i n t o  equat ions 

(40) ,  ( 4 1 ) ,  and (44 )  then reduces equa t ion  (41) t o  a s e t  o f  a l q e b r a i c  equa- 

t i o n s  f o r  the H . The s e t  o f  equat ions a r e  developed as f o l l o w s .  Refer- 

r i n g  t o  equat ions ( 4 2 )  and ( 4 3 ) ,  l e t  

r ,s 

r ,s 

A2  = B 2 A 1 ,  and (45)  

A3  = B 3 A 1 .  (46) 

Then, from equat ion (44) 

and equat ion  ( 4 . 1 )  i s  then 

, .  ,. 1 + 9 2  + 33 
7 T 

where rn. n. r .  s correspond to broken f i b e r s .  Wi th  t h e  cons tan ts  H then 

4no\\n, the 1 B , .  a n d  C are  s ~ e c i f i e d  and the s t resses  and displacement 

can Se c a l c u l a t e d .  

r, 

k ’  r; k 

I n  the qurnerical e v a l u a t i o n  o f  equat ion  (48) as w e l l  a s  the s t ress  and 



displacement equations, the singular behaviour o f  D 1  and 0 3  at 8 = b = + TI 

and the behaviour of D 1 ,  D27 and D3 along the lines 8 or 0 = 0 or T I ,  must be 

accounted for. Noting the form o f  82 and B 3  given by equations ( 4 0 1 ,  (411,  

( 4 3 ) ,  and (44) and the fact that D1= D 3  =/- as 8 = $ = a + +n, - 
it is seen that B2 = 63 in the limit. Proceeding to the limit as a -+ +TI, 

the integrand of equation (48) then remains bounded and equals D, at 

e = 0 = a. T h e  analogous behavior occurs in the two-dimensional case [ 181. 

For either 8 o r  0 equal to zero the integrand o f  equation (48) is bounded 

and vanishes at 8 = $ = 0. In a similar manner all stress and displacement 

equations have bounded integrands at all points in the region o f  integration. 
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SYMMETRIC ARRAY OF BROKEN FIBERS 

The above equat ions can be s i m p l i f i e d  cons iderab ly  f o r  the  spec ia l  

case of  a symnetr ic a r r a y  o f  broken f i b e r s .  

the  two s o l u t i o n s  o n l y  those equat ions which change due t o  the  symmetry 

r e s t r i c t i o n  w i l l  be recorded and they w i l l  be i n d i c a t e d  by the  prev ious  

equat ion  number w i t h  an a s t e r i s k .  

For convenience i n  comparing 

I f  a symmetric number o f  f i b e r s  i s  assumed t o  be broken w i t h  respec t  

t o  the y and z axes i t  then f o l l o w s  t h a t  the displacement U ( n )  i s  even 

valued on the  i nd i ces  m and n, w h i l e  the displacement V 

valued on m and even va lued on n, and the displacement W 

valued on m and odd valued on n. Equations (18) - (26) then become: 

m,n 

(q) i s  odd m,n 

( n )  i s  even 
m, n 

(21):: 

(22);': 

( 2 3 )  +: 



Equations ( 2 7 ) ,  (28 ) ,  and (29) remain unchanged, and equat ions (30) 

and (31) become 

(26) * 

The c o e f f i c i e n t s  a l ,  a 2 ,  a3, and a4 a r e  unchanged as a r e  the r o o t s  t o  

the c h a r a c t e r i s t i c  equat ion ( 3 2 ) .  The remaining chanqes a r e  i n  equat ions 

( 4 0 1 ,  ( ' + I ) ,  ( 4 4 1 ,  (47) ,  and ( 4 8 )  as 



I 

cos 
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ded$ = 1 .  

( 4 5 )  +: 



NUMERICAL SOLUTION AND RESULTS 

A computer code has been developed f o r  t he  numerical  s o l u t i o n  o f  the 

above equat ions.  The program was w r i t t e n  i n  FORTRAN I V  language f o r  t he  

NASA-Langley Research Center CDC computer.' 

1 percent  was achieved w i t h  t he  average computation t i m e  being on the o rde r  

o f  t h i r t y  minutes. 

A maximum e r r o r  o f  less than 

The r e s u l t s  presented below concern comparisons between the  present  

three-dimensional  s o l u t i o n ,  t h e  two-dimensional s t u d i e s  o f  [161 and [18],  

and t h e  three-dimensional shear- lag problem o f  [17].  Di f fe rences  i n  the 

r e s p e c t i v e  two- and three-dimensional analyses due t o  the i n c l u s i o n  of  the 

m a t r i x  normal s t resses i n  the model a re  c e n t r a l  i n  the  d iscuss ion.  D e t a i l e d  

r e s u l t s  a r e  g i ven  apropos the manner of d i s t r i b u t i o n  of c r i t i c a l  m a t r i x  nor- 

mal and shear s t resses,  and the  r a t e  o f  decay o f  f i b e r  s t r e s s  as a f u n c t i o n  

of d i s t a n c e  from broken f i b e r s .  

Changes i n  m a t e r i a l  p r o p e r t i e s  do not change the  form o f  the s o l u t i o n  and 

i t  was f e l t  t o  be more important t o  discuss the fundamental d i f f e r e n c e s  i n  

the va r ious  s o l u t i o n s  and t o  i n v e s t i g a t e  the s i g n i f i c a n c e  o f  the geometric 

parameters, i .e .  f i b e r  spacing and number o f  broken f i b e r s .  

- 
A l l  r e s u l t s  a r e  f o r  r ,  = 2.0, EF = 5.2. . 

I t  i s  impor tant  to note t h a t  i n  ([IS], equat ion ( 2 . 1 ) ) ,  the e q u i l i b r i u m  

equat ion i n  the t ransverse d i r e c t i o n ,  was w r i t t e n  as 

(T + T  ) = o .  b d  
n n-1 2 dy n n-1 

0 - u  + - -  

The program i s  e n t i t l e d ,  "Stresses i n  a Three-Dimensional U n i d i r e c t i o n a l  
Composite Conta in ing Broken Fibers,"  and i s  a v a i l a b l e  through C O S M I C ,  
112 Barrow H a l l ,  The U n i v e r s i t y  o f  Georgia, Athens, GA 30602. 
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This amounts to assuming that the fiber supports all of the shear 

stress. 

tent with the present analysis. The results for the two-dimensional geome- 

try presented in this paper were obtained by solving the appropriately 

modified equations of [18]. These changes gave insignificant differences 

in the fiber stress but resulted in considerable changes in the matrix 

We have changed this equation by replacing b with h to be consis- 

stresses. 

The constants y and h deserve further discussion as changes in para- 

meters can be interpreted to imply significantly different physical situa- 

tions. That is, if A is taken as the distance between fiber boundaries, 

the relationship between y, h, and 6 and the approximations assumed for the 

matrix surface over which stresses are transferred and strains calculated 

are open to considerable freedom of definition, while still remaining within 

the validity of the formulation for both the two- and three-dimensional 

models. 

[17], and [ l a ]  requires only that the distance h be consistent in all three 

equilibrium equations. 

The geometry of Figure 2 and the corresponding geometry of [16], 

For example, referring to Figures 2 and 3 and to equations ( 1 )  through 

( 8 ) ,  it is seen that h is the width in the vertical plane over which the 

shear stresses act in equation ( l ) ,  while in equations (2) and ( 3 ) ,  it is 

the corresponding distance in the horizontal plane. In equations (5) through 

( 8 ) ,  it is related to the distance through which the matrix deformations take 

place, and should be bounded by the distance between fiber centers, b + 6, 

and the minimum spacing between fibers, 6. As seen below, the width in equa- 

tion (1) need not be the same as the distance in equations (2) and (3) or (5) 

through (8). 
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In  F igures  6 and 7 t h ree  d i f f e r e n t  geometries and corresponding assump- 

t i o n s  y, h ,  and 6 a re  g iven f o r  t h e  t w o -  and three-dimensional  models, respec- 

t i v e l y .  The d i f f e r e n t  va lue  o f  y f o r  each case i s  due t o  the p a r t i c u l a r  geome- 

t r y  assumed and i s  der ived  by w r i t i n g  t h e  e q u i l i b r i u m  equat ion  i n  the a x i a l  

d i r e c t i o n ,  account ing for  the  s p e c i f i c  f i b e r  shape and shear t r a n s f e r  reg ion.  

Table 1 g ives  va lues o f  y f o r  p a r t i c u l a r  values o f  6 f o r  each case o f  F igures 

6 and 7. 

Case I i n  F igures 6 and 7 corresponds t o  assuming t h a t  the  f i b e r s  have 

t h e  same m a t e r i a l  p r o p e r t i e s  i n  shear and t ransverse normal d i r e c t i o n s  as the 

ma t r i x ,  and would be more appropr ia te  f o r  n e a r l y  equal f i b e r - m a t r i x  p roper t i es .  

Cases I I and 1 1 1  are  more r e a l i s t  c f o r  a t y p i c a l  composite, i n  which the  

f i b e r s  u s u a l l y  have a much h igher  modu us than the  ma t r i x ,  and make the  assump- 

t i o n  t h a t  the normal and shear s t r a i n s  occur  over  a c r i t i c a l  d is tance equal t o  

the  minimum d is tance  between f i b e r s .  The main d i f f e r e n c e  between I 1  and 1 1 1  i s  

the  assumed shape o f  the f i b e r .  The dec i s ion  as t o  whether a square or c i r c u l a r  

f i b e r  c ross-sec t ion  i s  more appropr ia te  i s  based on cons ide r ing  the s o l u t i o n s  

f o r  c l o s e  f i b e r  spacing and comparing the  manner i n  which the s t resses increase 

w i t h  decreasing S w i t h  prev ious e l a s t i c i t y  so lu t i ons  [19] and [20 ] .  I n  these 

s tud ies  the s t resses between two c i r c u l a r  c y l i n d e r s  under the a c t i o n  o f  inp lane 

load ing  and t ransverse shear, respec t i ve l y ,  were considered. I n  bo th  s tud ies  

the  n u w r i c a ?  results indicated a behav ie r  f e r  t h e  maxlmiim s t r e s s e s  between 

r i g i d  c y l i n d e r s  as the d is tance S approached zero. For e l a s t i c  c y l i n d e r s  un- 

bounded st resses d i d  n o t  occur .  Cases I I  and I l l  a re  equ iva len t  t o  assuming 

i n f i n i t e  t ransverse normal and shear m a t e r i a l  p roper t i es  f o r  the f i b e r s  as  a l l  

the s t r a i n  i s  assumed t o  occur over the d is tance between f i b e r s ;  there fore ,  i t  

seems c o n s i s t e n t  to  seek a model having m a t r i x  s t resses which behave as 1/K 
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i f poss ib le .  F r o m  F igures 6 and 7 ,  Cases I I  and I l l ,  t he  m a t r i x  m a t e r i a l  

suppor t ing the s t resses decreases l i k e  l / h  and l / h2 ,  r e s p e c t i v e l y ,  and the 

s t resses should increase more r e p i d l y  w i t h  decreasing h i n  I l l  than I I .  

By cons ide r ing  the  present  s o l u t i o n  a long w i t h  [161, [171, and [ I81  and 

expanding the  equat ions f o r  small  values o f  h, where h = 6 ,  the m a t r i x  

s t resses for  a l l  f o u r  models a r e  found t o  increase as O ( l / h - )  and O( l / h )  

f o r  Cases I I  and 1 1 1 ,  r e s p e c t i v e l y .  

Case I I  i s  then more approp r ia te  f o r  c l o s e  f i b e r  spacing as i t  agrees 

w i t h  the continuum s o l u t i o n s  1191 and 1201, and i t  i s  suggested t h a t  t he  

ac tua l  f i b e r  cross-sect ion be represented as an "equiva lent"  square cross- 

s e c t i o n  having equal areas. A l l  r e s u l t s  g i ven  below a r e  for Case I I  w i t h  

the corresponding y, h, and 6 r e l a t i o n s h i p  o f  Figures 6 and 7 and Table 1 .  

F igu re  8 g i ves  the  va lue o f  the maximum st resses as a f u n c t i o n  o f  h f o r  

a square a r ray  o f  twenty f i v e  broken f i b e r s ,  ( f i v e  broken f i b e r s  i n  the two- 

dimensional study [18 ] ) .  The s t resses f o r  [181 a r e  l a r g e r  f o r  a l l  values o f  

spacing h due to the added c o n s t r a i n t  o f  t he  present  geometry. As the number 

o f  broken f i b e r s  increase, the two s o l u t i o n s  should approach each o t h e r .  

This i s  i nd i ca ted  i n  Table 2 f o r  the p a r t i c u l a r  case o f  one by eleven broken 

f i b e r s  i .e .  (0,-5) through (0,s) where the s t resses adjacent t o  the ( 1 , O )  

f i b e r  a r e  compared w i t h  the s t resses adjacent t o  the f i r s t  unbroken f i b e r  f o r  

one broken f i b e r  i n  1181. 

Both the normal and shear s t resses a r e  o f  cons iderable importance i n  

fo rmu la t i ng  a f a i l u r e  c r i t e r i o n  capable o f  p r e d i c t i n g  m a t r i x  damage. I t  i s  

seen i n  Figures 9 and 10 t h a t  compressive normal s t resses e x i s t  over p a r t  o f  

the m a t r i x  region between the l a s t  broken and the f i r s t  unbroken f i b e r ,  both 

i n  :181 and the present study. 

e n t  boundary cond i t i ons  a t  rl = 0, from the corresponding shear- lag s t resses;  

The shear s t resses decrease due t o  the d i f f e r -  
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t he re fo re ,  i t  seems l i k e l y  t h a t  t he  shear- lag model would lead t o  a p r e d i c t i o n  

o f  g r e a t e r  m a t r i x  damage p a r a l l e l  t o  the  f i b e r s  than the present  model. In -  

deed, r e l a t e d  two-dimensional shear- lag s t u d i e s  concerning m a t r i x  s p l i t t i n g  

f o r  a u n i d i r e c t i o n a l  laminate (see [21] f o r  one broken f i b e r  and E221 f o r  an 

a r b i t r a r y  number o f  broken f i b e r s  w i t h  s p l i t t i n g  and y i e l d i n g )  i n d i c a t e  t h a t  

o n l y  a ve ry  small  increase i n  the  s t ress  requ i red  t o  i n i t i a t e  damage can be 

t o l e r a t e d  be fo re  uns tab le  s p l i t t i n g  occurs. The s p l i t t i n g  develops i n  t h e  

reg ion  adjacent  t o  the  l a s t  broken f i b e r  which, as mentioned above, a l s o  has 

compressive s t resses us ing  the model of [181 w i t h o u t  damage. 

[22] i s  be ing  extended to  inc lude  a mode1 hav ing normal s t resses i n  the 

m a t r i x ,  and i t  i s  hoped t h a t  the r e s u l t s  w i l l  be more c o n s i s t e n t  w i t h  exper i -  

mental evidence, i n  which case l o c a l ,  s tab le ,  s p l i t t i n g  has been observed [23] 

and (241. 

Center f o r  Boron/Aluminum composites by C. C. Poe, ( p r i v a t e  comnunicat ion).  

An  e q u a l l y  i n t e r e s t i n g  observat ion i s  noted f o r  the reg ion  between the 

The a n a l y s i s  o f  

Such behavior has a l s o  been observed a t  t he  NASA-Langley Research 

f i r s t  and second unbroken f i b e r s .  As i n d i c a t e d  i n  Figures 9 and 10, the shear 

s t r e s s  i s  cons iderably  reduced from i t s  va lue  on the opposi te  s i d e  o f  the  

f i b e r ;  however, i t  i s  l a r g e r  than the corresponding shear- lag s o l u t i o n .  More 

impor tan t l y ,  i t  i s  oppos i te  s ign  than the shear- laq s t r e s s .  The normal s t r e s s  

i s  t e n s i l e  and more than f i f t y  percent l a r g e r  than the maximum shear s t r e s s  

i n  the adjacent  region. F i r s t - p l y  m a t r i x  s p l i t t i n g  has been noted f o r  bonded 

j o i n t s  1251 which a r e  very s i m i l a r  geomet r i ca l l y  t o  the reg ion  i n  the v i c i n i t y  

o f  the notch i n  the  present work and the l a r g e  t e n s i l e  s t r e s s  found here ce r -  

t a i n l y  admits the p o s s i b i l i t y  o f  such damage. 

Table 3 g ives  r e s u l t s  us ing the present  s o l u t i o n  f o r  a square a r r a y  o f  

broken f i b e r s  as w e l l  as analogous r e s u l t s  from [161, [ 1 7 ] ,  and [ 1 8 ] .  The 

maximum f i b e r  s t r e s s  occurs on the plane o f  the break ( r \  = 0) and i n  the f i r s t  
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unbroken f i b e r  a t  t he  cen te r  o f  the s ides f o r  t he  three-dimensional  problems 

and i n  the f i r s t  unbroken f i b e r  i n  the two-dimensional problems. For both 

the two- and three-dimensional s o l u t i o n s ,  the maximum f i b e r  s t r e s s  i s  seen 

t o  be s l i g h t l y  smal ler  f o r  the shear- lag model. 

s t resses a r e  l a r g e r  i n  the two-dimensional case [ I 8 1  than the present  s o l u t i o n .  

Both the  f i b e r  and m a t r i x  

F igure 1 1  g ives the magnitude of the maximum f i b e r  s t r e s s  i n  the f i r s t  

unbroken f i b e r  as a f u n c t i o n  o f  the number o f  broken f i b e r s  f o r  a square 

a r ray ,  and compares these values w i t h  [161, [171, and [181. Also, f o r  the 

one p a r t i c u l a r  case of  eighty-one (n ine)  broken f i b e r s ,  the s t r e s s  i n  the 

f i r s t  four  unbroken f i b e r s  i s  given. The decrease i n  s t r e s s  i s  l a r g e s t  be- 

tween the f i r s t  and second i n t a c t  f i b e r s  w i t h  the  r a t e  o f  change being r e l a -  

t i v e l y  smal l  from t h a t  p o i n t  on. As seen i n  the f i g u r e ,  the i n f l u e n c e  o f  t he  

broken f i b e r s  decreases more s low ly  f o r  t he  two-dimensional model [18] than 

f o r  the present three-dimensional model. 



CONCLUSIONS 

d i n g  

su f  f 

spac 

The s i g n i f i c a n t  d i f f e r e n c e  between the present model ( e i t h e r  two- or 

three-dimensional)  and the  corresponding shear- lag model i s  i n  t h e  change 

i n  the  manner o f  d i s t r i b u t i o n  o f  the c r i t i c a l  shear s t r e s s  i n  the m a t r i x  

and the i n t r o d u c t i o n  o f  m a t r i x  normal s t resses.  As noted, t h e  c r i t i c a l  

shear s t resses  a r e  reduced on the order  of f i f t y  percent  over the cortespon- 

shear- lag s o l u t i o n  and the  m a t r i x  normal s t resses a r e  found t o  be o f  

c i e n t  magnitude t o  suggest p o t e n t i a l  m a t r i x  damage. For c lose  f i b e r  

ng bo th  the normal and shear stresses i n  the m a t r i x  a re  shown to i n -  

crease w i t h o u t  bound and an equ iva len t  c ross -sec t i on  i s  proposed which g i ves  

the  c o r r e c t  s i n g u l a r  behavior based on p r e v i o u s l y  publ ished e l a s t i c i t y  so lu-  

t i o n s .  

S u r p r i s i n g l y ,  w i t h  these major changes i n  m a t r i x  s t resses,  the f i b e r  

s t resses are r e l a t i v e l y  unchanged, i .e.,  approximately th ree  percent h ighe r  

ag s o l u t i o n .  The f i b e r  s t r e s s  i n  a l l  so lu t i ons  

f i be r  spac i ng. 

t o  expect t h a t  any at tempt t o  develop an 

a n a l y s i s  f o r  the i n v e s t i g a t i o n  o f  m a t r i x  damage must be based on a more com- 

p l e t e  model than the shear- lag assumption. 

than the corresponding shear- 

i s  e s s e n t i a l l y  independent o f  

It then seems reasonable 
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6/b 2.00 1.50 1.25 1.00 0.75 

0.33 0.40 0.44 0.50 0.57 

0.50 0.67 0.80 1.00 1.33 

0.20 0.35 0. 50 0.79 1.40 

0.11 0.16 0.20 0.25 0.33 

0.50 0.67 0.80 1.00 1.33 

0.20 0.35 0.50 0.79 1.40 

4 
, y ; ,  

Y f  , I  

y : 
y: I 

y:l I . 

0.50 0.25 0.10 

0.67 0.80 0.91 

2.00 4.00 10.00 

3.14 12.57 78.57 

0.44 0.64 0.83 

2.00 4.00 10.00 

3.14 12.57 78.57 
, 

lTwo-dimensional geometry, F igure  6. 

2Three-dirnensional geometry, Figure 7. 

TABLE I .  Re la t i onsh ip  between the f i b e r  spacing 6 and the  
constant y f o r  the  geometry o f  Figures 6 and 7. 
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Mode 1 (3-0) 

- 
1.371 d 

X 

- 
OY 0.316 

- 
T XY -0.238 

(2-D)’ (3-0) (2-0) 4 

1.372 1.327 1.333 

0.316 - 

-0.238 -0.343 -0.344 

present solution, fiber ( 1 , O ) .  

two-dimensional solution [181, fiber (1). 

three-dimensional shear-lag 1171, fiber ( 1  ,O). 

two-dimensional shear-lag 1161, fiber (1). 

TABLE 2. Comparison of maximum stresses for an array of 
one by eleven broken fibers in the three-dimensional 
model and one broken fiber in the two-dimensional 
case. The geometry of Figures 6 and 7 case t i  with 
h = 6 = 1.0, y = 1.0 is used. 



M1 

1 

9 

25 

49 

81 

M equals the  t o t a l  number o f  broken f i b e r s  i n  the  three-  
dimensional  case. 

2 present  s o l u t i o n .  

(x f o r  the  two-dimensional case) 

two-dimensional s o l u t i o n  [181. 

shear- lag s o l u t i o n s  1161, [17] .  

- - - - 
X (3-0)' X (2-0)3 2 (3-DI4 0 X ( 2 - ~ ) 4  

1.171 1.384 1.146 1.333 

1.521 1 .go8 1.456 1.828 

1.821 2.318 1.728 2.216 

1.967 2.546 2.087 2.666 

2.974 2.181 2.838 2.321 

TABLE 3. Maximum f i b e r  s t ress  ( s t r e s s  concen t ra t i on  f a c t o r )  f o r  
a square a r r a y  o f  broken f i b e r s ,  h = 6 = 2.0, y = 0.5. 
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FIGURE 1. Three-dimensional array of parallel fibers. 
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, :  

T 
Ax 

(x+Ax) 
t x  

r (msn-) face 

=XY I m+ 

/ 

face (msn+// 

- upper surface (X+AX) 

lower surface (x )  

Fh 

Figure 2. Free-body diagram for a typical element of t h e  (m,n) fiber. 
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Figure 3. Side views o f  the free-body diagram o f  Figure 2. 
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a' 

Plane "n" where (a, b, c )  and (a0,  b', c') a re  t h e  p o i n t s  be fo re  
and a f t e r  deformat ion.  
Note: To i nsure  symmetry Y - -- l [v + v ] r a t h e r  than 

2- 2 dx m+l,n m,n 
- d v  
dx m,n' 

F igu re  4. Displacements f o r  a reg ion  c o n t a i n i n q  the  m,n f i b e r .  
(x ,  Y p 1 ane) 
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?laf ie "m" where (b, c ,  d) and ( b O ,  c c ,  d ' )  are  th ree  p o i n t s  be to re  
and a f t e r  deformat ion.  

A 'ir/ 1 r a t h e r  than 
m, n 

Note: To insure  symmetry YL = - -  ' [ w  2 dx m,n+l 
w .  d 

dx m,n 
- 

Figure  5. Displacements fo r  a reg ion  c o n t a i n i n g  :he m,n f i b e r .  
(x,z plane) 
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Case I 

y I  = AF/th = b/h 

h = b + 6 ,  h > b  - 

. V, = b/h 

I 

I. 

m a t r i x  stresses a r e  O ( 1 )  
a s 6 + O  

Case I I  

y I  I = AF/th = b/h 

h = 6 ,  h > O  - I VF = b/(b+6) 

m a t r i x  stresses a r e  
o(I /K) as 6 + o 

Case I I I 

= A,/h2 

h = 6 , h > O  

V F  = AF/(b+5)t  

- 

m a t r i x  stresses a r e  
0(1/6) as 6 + 0 

FIGURE 6.  Geometry for the f i b e r - m a t r i x  cross-section, two-dimensional 
model. 
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Case I 

. 

c h 

I 
y, = AF/h2 = b2/h2 

h = b + 6 ,  h > b  - 

VF = b2/h2 

mat r ix  stresses a r e  
O ( 1 )  as 6 -c 0 

Case I 1  
h/2 y I  I = AF/bh = b/h 

VF = b2/(b+6)2 

mat r ix  stresses a r e  
0 ( 1 / f i )  as 6 -+ o 

I 

Case I I I 

Lh_l h/2 .-  - , 
= AF/h2 ' I  I I 

h = 6 ,  h > O  

VF = AF/(b+6)2 

mat r ix  stresses a r e  
0(1/6) as 6 + o 

- 

FIGURE 7 .  Geometry f o r  the f iber -mat r ix  cross-section, three-dimensional 
model. 
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2.5 

2.0 

1 .5  

1 .o 

0.5 

0.0 

two-d im. -- - --- 
t h  ree-d im. 

I 
I 

2.0 1 . 5  1 .o 0.5 0.0 

h (h = 6 )  

FIGURE 8. Maximum s t resses  as a f u n c t i o n  o f  f i b e r  spacing f o r  t he  present 
s o l u t i o n  and [ l a ] ,  us ing  case I I  of  F igures  6 and 7 .  Square a r r a y  
of twen ty - f i ve  broken f i b e r s  ( f i v e  i n  t h e  two-dimensional problem). 
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0 1 2  3 4 

~ ~ ( ~ 1 . 0 )  = 1.655 

I 
t 

I 
I 
I 

I - 

A't 
-T 

XZ 

I (shear- lag)  

I 
I 

I 7 
f 't 

I vtensi3 
- ' -TXZ 

/ 7 
1 

0.599 0.2 0.1 

= 1.448 (shear-lag) 

- 
'T 

XZ 

(shear-lag) 

I r TXZ 

( tens - 
0.1 0 . 2  

- 
ax(q=O) = 2.318 

= 2.216 (shear-lag) 

FIGURE 9 .  Stresses on the f i r s t  in tac t  f i b e r  ( 3 )  fo r  f i v e  broken f i b e r s ,  
two-dimensional so lu t ion ,  [181, h = 6 = 2.0, y = 0.5.  

ion) 
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I 

0.434 0 . 2  0.1 0.1 0 . 2  0.407 

- 
ax(n=O) = 1.821 

FIGURE 10. Stresses on the f i r s t  i n t a c t  f i b e r  (0,3) f o r  a square a r r a y  of 
twenty-f ive broken f i b e r s ,  present s o l u t i o n ,  h = 6 = 2 . 0 ,  y = 0.5. 

ion) 
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